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Abstract— Multicast routing protocols and routers on the the destination address field. For example, if the switch fabric

internet enable multicast transmission, one-to-many connections, js g single-stage cross-bar connecting sixteen linecards a four
by replicating packets close to the destinations, obviating the need bit field for the destination would suffice.

for multiple unicast connections for the same purpose, thereby .
saving network bandwidth and improving the throughput of the For _multlcast, we need to send the cell tq a subset of
Internet. Similarly, within a router, multicast between linecards ~the n links. If we allocate greater thaflog, n| bits for the

is enabled by a multicast capable switch fabric. A multicast cell is destination field, these bits contribute to wasted bandwidth

sent once from the source linecard to the switch fabric; the switch through the router while transmitting unicast. Especially for
fabric sends the cells to all the destination linecards obviating large terabit routers, such as those that sit in the core of the

the need for, and the waste of linecard to fabric bandwidth that . ¢ t th b f tqoi links f th itch
would result from multiple unicast cell transmissions for the same N€MMEL he number of outgoing links from the switch-

purpose. For high capacity routers (several terabits), the fixed fabric, i.e., the number of linecards in the system, is large
size destination field of the (fixed size) cell is inadequate to specifyand the difference between and [log, n] gets amplified.

exactly the subset of the switch ports the multicast cell should be Therefore, in order to save on bandwidth, the destination field

sent to for the ever increasing number of multlc_ast connections i, the cell header is of a widtm, between[log, 7] andn,
to be supported. Therefore, for several connections, we have to . 1 The destination field is t lated
supercast, i.e., send the cell to non-subscribing linecards and €+ [logon| < m < n. The destination field is translate

have them drop the cell. In this paper, we study this problem of iNto ann-bit vector corresponding to the output links the cell
assigning destination labels for multicast cells so that the amount should be sent to via a table look-up. Therefore at n2bst
of supercast, the amount of wasted bandwidth, is minimized, |ink subsets can be addressed.
and thereby the throughput of the router is maximized. We 4\ yever, the number of multicast connections can be much
formalize this combinatorial optimization problem and prove it m .
NP-complete and hard to find approximate solutions too. We have greater thar2™. qu IPv4, the class D addres_s space perm_|ts
devised several effective heuristic algorithms that we have im- about2?” connections, and these could be interpreted with
plemented and report experimental results for. Faster heuristics each source to denote a different set of linecards within
can support a higher multicast connection establishment rate; the router. With IPv6 many many more connections will be
slower heuristics can be mvokgd off-line to further optimize possible. Each of these connections needs to be mapped, to a
multicast label maps. Keywords: combinatorics, graph theory, destination label stamped on the cell that translates to a link-set
mathematical programing/optimization, system design, routers, X p . A
multicast. thatincludeseach of the linecards that have recipients to the
multicast connection behind them. The volume of multicast
. INTRODUCTION traffic, in the enterprise and the wider Internet, is growing and
In a unicast connection a source sends to a single destpected to explode in the future. Since there are a limited
nation. In a multicast connection a source sends to multiget of labels, as the number of multicast connections grows,
destinations. While a multicast can be implemented as multipe will eventually have to send cells to linecards that are not
unicasts, this is inefficient use of network bandwidth especiallyibscribers to the multicast group. We call thigoercasting
if the unicast routes overlap. So routers today are capable ofn this paper, we study how to optimally supercast while
replicating packets and sending them out on multiple outgoinginimizing the wastage of bandwidth from the switch fabric to
interfaces. At the network level, which routers replicate antie linecard, thereby increasing the throughput of the switch-
what interfaces the packets are sent out on is determinedfayric/router and therefore the internet. This problem has been
multicast routing algorithms. previously addressed by Marsan et al [1]. We distinguish our
Within a router also, it is desirable to multicast rathework from theirs in Section VIII.
than multiply unicast from the ingress linecard to the mul- o o
tiple egress linecards, thereby saving on bandwidth from tAe Contributions and organization
linecard to the switch-fabricThis multicast within a router We begin in Section Il by establishing our notation and
is enabled by the switch fabric that connects the varioterminology and a mathematical formalization of the problem.
linecards. We characterize the computational complexity of the problem
Switch fabrics transport fixed size packets calleglls in Section IIl; we prove the problem to be NP-complete. We
between linecards. The header, also a fixed size sectionnote an interesting fact about switch throughput maximization
the cell, for each cell, contains amongst other information tlamd matchings and bicliques in Section IV. We establish
destination field. This destination field is interpreted by thine hardness of finding approximate solutions in Section
switch fabric to yield an outgoing link to send the cell to. IV. We present effective heuristics in Section VI. We have
there aren links, for unicast,[log, n] bits would suffice for implemented our heuristics and present experimental results
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in Section VII. We also present interesting theoretical analydimnsmission, for the corresponding multicast connection. The
that explains and sheds light on our experimental findingsost of a clustel is the amount of supercast incurred for DSs
Concluding remarks and comparison with the previous woik the cluster, i.e.,
of Marsan et al [1] is in Section VIII.

Yp;.r(py=a, (|4 \ Dj| * w;)

A. Relationship to similar problems

Assume that there are links out of the switch-fabric.  geyeral clustering/partitioning problems [3], [4], in varied
Each multicast cell has to be sent to some of thinks. A 5 jication domains from data mining [5] to image processing
destination-se(DS) is defined to be a subset ff,2,...,n}. 5] to DNA sequencing [7], have been studied. Of these,
The destination links of each cell that is transported by thge nroplem of clustering points and choosing the centroid
switch-fabric is specified by a label ofi bits carried in the ot the points in the cluster as their representative seems
cell header. For large capacity terabit routerss large, and ¢|gsest in flavor to MCS. Both the Euclidean and rectilinear
to save bandwidth (sincen bits are carried by each cell o Hamming distance) versions of the problem have been
including unicast cells)m is sized betweerilog, 7] andn,  hroven NP-complete [4]. While MCS does use the hamming

.., [logy n] <m <n. distance as the cost function, the cluster representative being

The label is mapped into a destination-set by looking Upe syperset of the comprising points implies that the repre-
label-to-destination-set table (LTDT) maintained at (each staggniative is not equidistant from the comprising points (i.e.,

of) the switch-fabric. The LTDT is programmed via an Outy the centroid). This unique aspect of our cost function, the
of- band connection at a much slower rate than the cells &g ersetting requirement, defeated our efforts to reduce any
transmitted (and so programming the LTDT at the same rgifown clustering problems in the literature to MCS.
as the cells is out of question). _ Before we proceed to the computation complexity of MCS
So associated with each multicast connectiome have: o capture some simple yet key properties of the MCS
1) The destination seb.—the set of links the cell should problem that we use repeatedly in the sequel.
be sent out on, and i
2) Theassigned-sefAS) A.—derived from the label and B- K€Y properties
the LTDT. We seek insight into whether a cluster of DSs is useful or

For the multicast connection to reach all its intended recif®t @nd how much it reduces the cost of the solution by.
ients (linecards), the cell has to lsepercastby the switch- Towards this end, we employ the convenient representation

fabric, i.e., the ASA has to be asupersebf the DS, A D D. of sets as bit-vectors. A D® is an n-bit 0-1 row vector;
Assume N multicast connections. i.eN DSs. LetM — the " bit is 1 if locationi € D, and0 otherwise. The (row)
9™ Typically, N, the number of multicast connections ivectors for theV' destination sets are stacked one on top of

larger thanM. Thus, in summary, the other to yield théV x n destinatior}s-matrb(DM) Q9 with
N rows andn columns A row-clusteris a subset of rows of
logo M <n; M < N the DM Q. A row-clusteringof the DM Q is a partition of the
rows of Q into a set of row-clusters. Therefore, the clustering

'_I'herefore, the AS for some DSs has to be the same, qun thing but the cluster-map; a row-cluster is nothing but a
strict supercast has to happen—some DS has to be a mapasger (set of DSs)

to a (strictly) larger set. The optimization obje_ctive is to map Similarly, we define acolumn-clusterof O to be a subset
_the]\_f DSS to thehs AS.S S0 that the amount sfrict supercast 0{ its columns. Acolumn-clusteringpf Q is a partition of its
is minimized. The optimization problem is posed as a form%olumns into a set of column-clusters

decision problem a la [2] as follows: The correspondence between sets and bit-vectors turn set

MINIMUM (_:UML_J.LAT.IVE SUPERCAST (MCS) operations into Boolean operations on their bit-vectors; we’ll
Mlﬂs]\T[/_xch:;. Oﬁgsg';iént:e%el;&’ DM s SniKfo:etggﬁ abuse_notation and also t_alk of Boqlean _operations on sets.
D.C 1’ 9 ) T WL P2 N Having deyeloped the b|t—vectorV|ewp0|.nt of sets, we return

i € {1,2,...,n}; positive integersuy, ws, ..., wy. to the question of the cost of a cluster. First, observe:

QUESTION: Does there exist a_setM assigned setsl = Observation 2.1:The AS for a cluster is the union (Boolean
{A1, Ay, ..., Ay} Where eachd; is subset of{1,2,...,n} OR) of the DSs in the cluster.
and a mapf : D — A, such that: Since the cost of a cluster involves set difference between

1) for eachi, 1 <i < N, f(D;) 2 D;, and the AS and the constituent DSs, it is only a zero in a row (DS)

2) Cost, 3, (|f(Di) \ Dyf ¥ w;) < K. that can contribute to cost.

The cluster-mapyf partitions the DSs intoM clustersand A zero in a row,if dominated by a one in another row in the
assigns an AS for each cluster while satisfying the supersettseme cluster, would contribute “weight assigned to the row”
condition and minimizing the cost. We also say that the clustarnits of cost to the cluster. So timeaximum possibleost of a
map produces alusteringof the destination sets. The positiverow in a cluster is the number of zeros in the row multiplied
integerswy, wo, . .., wy are the weights associated with eachy the weight assigned to the row and called theighted
destination set and represent the bandwidth, i.e., frequencynaimber of zerasThe weighted number of zeros of a cluster

Il. THE PROBLEM
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adiscency savings in a two clustering are in one-to-one correspondence
e with the edge count of bicliques i@
vl te erted Yes-instance of MEB maps to yes-instance of MCS: Assume
L ey G has_ a biclique WithK’ edges. Consid_er the following
clustering of the MCS instance: cluster A is formed by rows
Fig. 1. Reduction from MEB to MCS: DM for MCS instance corresponding to the vertices frof, in the biclique and

cluster B has all the other rows. Since the adjacency matrix
of the subgraph of= that is the biclique will be all ones,

is the sum of the weighted number of zeros of each of tlarée columns cqrrespondmg to vertices fréfin the bl_cllque
|r} cluster A will be all zeros. Thus, these zeros in cluster

rows in the cluster; and this is the maximum possible co - . .
P E\ being all-zero columns will not contribute to the cost (by

of the cluster. Whether, thactual cost of the cluster is the ] . .
weighted number of zeros or less depends on whether thléeemma 2.2); they reduce the cost from a possible maximum
of |E| by K’. Therefore, the exhibited clustering has cost

are columns of zeros in the cluster or not. Although simple K=|E|+1-K"

this is an important enough observation that we set it off as . T .
lemma: P 9 Yes-instance of MCS implies yes-instance of MEB: Assume
' the MCS instance has a clustering with cesf{ = |E|+1—

Lemma 2.2:Given | r, it yiel vingsi.e. ) . . .
emma Given a cluster, it yie dSOSt. savingsl.e., a KE’. Therefore, the cost reduction obtained by this clustering
zero in a row of the cluster does not contribute to the cost Of  leasti’

the cluster only if the column in the cluster is comprised only

Consider the cluster that contains the extra row. Since the
of zeros.

extra-row is all ones, the assigned set (bit-vector) for this
I1l. COMPUTATIONAL COMPLEXITY OF MCS cluster would have to be all ones. Therefore, the cost savings
from this cluster is zero.
. _ .. So all of the cost savings in the 2-clustering comes from
Proof: Clearly MCS is in NP as given a cluster map itq ¢|,ster without the extra row. By Lemma 2.2 there have to

is easy to verify 't,s correctness in polynom|al tlmg. be columns of all zeros. Therefore the total number of zeros
We show MCS is NP-hard by reducing the maximum edQﬁ the columns with all zeros is at lea&t’. The rows of this

biclique (MEB) problem, proved NP-complete in [8], andyster and the zero-columns exactly identify the biclique in

stated as follows: G with at leastk’ edges. m
Maximum Edge Biclique

INSTANCE: A bipartite graphG = (V3 U V5, F) and a |IV. NOTE ON SWITCH THROUGHPUT MAXIMIZATION FOR
positive integerk”. UNICAST TRAFFIC AND MULTICAST LABEL ASSIGNMENT

QUESTION: DoesG contain a biclique (i.e., a complete e can also reduce MCS to MEB in the following sense.
subgraph) with at leask” edges? That is, does there eXisfnyert the bits of the DM to yield the adjacency matrix of
G’ = (V{ UVy, V] x V3) such that: a bipartite graph. It is not difficult to see that optimum-

o VI CVi; Vg TV (V! xVy) C E;and,|VY x V| > K'.  clusterings for MCS correspond to a set/af maximal edge
The MCS instance for the MEB instance is shown in Figuricliques such that the “left hand sides” of the bicliques yield
1. The shaded section is the adjacency matrix of the bipartgedartition ofV; (the set of DSs) and the right hand sides may
graphG with zeros (ones) replaced by ones (zeros). The MG®erlap (not a partition).
instance ha$V;| destinations but an extra row of all ones (i.e., It is interesting to note the similarity/contrast with this

going to all the destinations). More formally, the parametefgsult of multicast label assignment for maximizing through-
of the MCS instance are as follows: put through a switch that involves a partition into maximal

« Number of destinations; = [V4|. bicligues, and unicast switch throughput maximization that
« Number of DS,N = |V4| + 1; all weights arel, i.e. involves maximum bipartite matching[9]—unicast involves
w;=1,1<i<N. ' "7 edges, multicast cliques.

o Number of permitted clustersy/ = 2. V. HARDNESS OF APPROXIMATION
The destination sets are defined as follows:

Theorem 3.1:MCS is NP-complete.

As shown in the proof of NP-hardness of MCS in Section

o Forl <i<|Vif andl < j < [V3, destination seD; |||, given an instance of MEB, a bipartite graggh with |E|
includes destinatiori only if (v;,v;) ¢ E. edges, we obtain an instance of MCS so that there is a solution

o Fori = V1] + 1, destination setD; contains all|[V2| to that instance with coste| — k if and only if there is a
destinations. biclique with & edges inG.

« K=|E|+1-K There is evidence that MEB is hard to approximate by

The reduction is clearly a polynomial time reduction. It is easgduction from R3SAT [10]. The concept of R3SAT-hardness
to see that the number of zeros in the DM is exatHy, the hinges on the following hypothesis from [10] which asserts
number of edges id:. Since weights of the DSs are one, théhat it is hard to differentiate a satisfiable 3CNF formula from
cost of a one-clustering is less thgf| + 1. We show that cost a typical random one. Note that in a typical random formula



the maximum number of satisfiable clauses is only a constaniThere are two elements to the increase in cost resulting from
fraction of the total. the addition of a DS to an existing row-cluster. The cost for
HYPOTHESIS 2. [10] For every fixed > 0, for A the DS added as well as the increase in the cost of the DSs
a sufficiently large constant independent rof there is no already in the cluster due to the addition of the new DS. The
polynomial time algorithm that on most 3CNF formulas witttost of DSs already in the cluster may increase if the addition
n variables andn = An clauses outputs typical, but neveiof the new DS causes the addition of a one to a column that
outputs typical on 3CNF formulas witfl — €)m satisfiable was previously all zeros (see Lemma 2.2).
clauses. To facilitate easy determination of the cost increase due to
DEFINITION 1. [10] A computational problem is randomthe addition of a DS to a row-cluster and the cost decrease due
3SAT-hard (R3SAT-hard) if having a polynomial time algoio the deletion of a DS from a row-cluster (when a multicast
rithm for the problem contradicts Hypothesis 2. connection is torn down), we maintain for each cluster:
Although Feige [10] only states that MEB is hard to ap- 1) The number of rows.
proximate and provides precise values only for Max balanced2) The number of zeros in each column. Since we have the
Biclique, it is easy to see from his constructions that it is hard  number of rows, we can easily compute the number of

to approximate MEB within facto2. In particular, it is hard ones in each column.
to distinguish between graphs that have bicliques w16 3) The sum of the weights of the rows in the cluster.
edges and those with fewer thaf/64 edges. 4) The assigned set for the cluster.
Based on this we will show that it is hard to approximate 1) Computational complexityWith the above information
MCS to a factor better than 31/28. maintained per cluster, the cost of deletion of a DS from a
Theorem 5.1:1t is R3SAT-hard to approximate MCS to acluster and the total cost of adding a DS to a given cluster
factor better tharg1/28. can be determined iD(n) time, essentially constant time

Proof: Indeed, if we could, that would mean we can telassumingn, the number of destinations, is a constant. For
the difference between graphs with bicliques of size more théie addition of a DS, we have to consider the cost increment
n?/16 and less tham?/64. for each of theM/ clusters and pick the best choice. This takes

This is because the ratio of the MCS objective function io(M) time.
the two cases would beE| — n?/64)/(|E| — n?/16). Since  2) Offline version:In the “online” algorithm, the clusters
|E| < n?/2, this ratio> (1/2—1/64)/(1/2—1/16) > 31/28. are seeded by the DSs as the fistconnections are estab-
So if we have an approximation algorithm for MCS witHished. After several connections are established we can run the
ratio better than31/28 we would be able to distinguish greedy row clustering algorithm again, picking random DSs to
between the presence of large and small bicliques. B seed the clusters thus getting rid of the bias of the order of

connection establishment, and then reprogram the LTDT with
VI. HEURISTICALGORITHMS this optimized map.

Since MCS is NP-complete, we focus on devising efficie. column-clustering based heuristic
heuristics. We have devised heuristic algorithms that vary in ¢ M, the number of clusters is large, the time to choose the

2:not:?herrzrzg:ror:isr::;]ttﬂ??nta@;%&rzrzzn?;itzgz Zgzg;stﬂem ce}ndidate cluster to add the DS could be large. We patrtition
9 §he problem into column-clusters (CCs) to reduce the amount

rate that it can support. . . of time it takes to compute the candidate cluster. This however
Many switch fabrics provide a mechanism to reprogram tl&

LTDT (label to destinations table, the map froff, 1}'°s2 %Ir:noers Sa%;?st (gszupr):essilt\)/ley Z:Iti)toggg]aslestotj;l%g'lumns into
to {0,1}™), either with a control register that provides 0, resulting ir{ a column-clustering with two CCs with'2
temporary broadcast mode while the table is being Complet%é’hjmns each (assume is a multiple of2). We then have
reprogrammed or a extra copy of the table with the facility tR/vo problem instances with half the numbér of columns. The
switch between the tables. This facility can be exploited )

riodicall wn an alaorithm that runs offline but tak roduct of the number of row-clusters permitted for each
periodically spawn an algo at runs offine but 1ak&g qiance would have to bk/; for example,v/ M per instance.

longer to run _than the online algorithm and results in Ies§ne AS (cluster) for a given DS would be computed in two
wasted bandwidth. parts: the firstn/2 columns and the second/2 columns,
requiring O(v/M) time.

1) Computational Complexity:The online version takes
If the number of rowsN, is less than the allowed range-O(A1’) time, where M’ is the largest number of clusters

size, M, we can achieve a zero cost solution with a simplgssigned to any of the CCs; the offline version tak¢a/ M)
row-clustering consisting of each row in a cluster by itselfime.

Therefore, in practice, as multicast connections are established, ) )

DSs become clusters by themselves. After we have establisfedConstant time signature methods

M DSs in clusters by themselves, we add a new DS into aWe have devised two constant time metho@%/n) time
cluster that involves the least cost increase. methods to be precise, essentially constant time). Each of these

A. Greedy row-clustering



methods computes signature The signature is a proximity [_n [ m | greedy| 27 | RPS [ 2-CCs ||

measure—two DSs that do not differ by much will likely have ig g 8-2‘1‘ 8-32 8-2‘2 g-gg
the same signature. All the DSs with the same signature get 50 | 10 020 0925 046| o022

clustered together and the cluster representative is picked (as
before) to be the Boolean OR of the DSs in the cluster.

1) Random Permutation Signatures (RPSYe illustrate
this method with an example. Assume that 256 and
m = 20. Let P, P, and P; be random permutations
of 0...255. Given a DSD, let Dy, D>, and D3 be
respectively the?, P, and P; permuted versions ab.
Let the index of the first non-zero entry, thain-index ) ) i )
in D1, D, and D5 be respectively,, lo, andls. The . Preclustered_ inputs: inputs for which we know there is a
signature of the DS is the triple(l1, I, 13/16), where good clustering.

;3/6)6 '156 t?ﬁ integebr par;c gf :hetqqotie?t upon di‘(it)‘jlingﬁ\. Column classification and universe of inputs—all DSs
e number of distinct signatures possible is ) : : :
s by 16 ( 9 P The universe of inputs, i.e., all” DSs, while not a very

256 x 256 x 16 = 229, i.e.,2™). ikelv inout inst : q ot test f
The min-index may alternately be chosen to be the ind)e'&ey input Instance, 1S a good sanity/itmus test 1or our
gethods as we show. A special case of the subset intersection

TABLE |
ABW OF GREEDY ROW CLUSTERINGCOLUMN CLASSIFICATION, RANDOM
PERMUTATION SIGNATURES AND 2 COLUMN-CLUSTERS ON UNIVERSE OF
INPUTS

of the first zero entry. We denote the zero or one policy, ‘ thod is wh Il thesubset inalet d
by referring to the min-zero-index or the min-one-inde Ignatures method 1S when a SUDSELS are singletons an
: istinct. In this special case, the subset intersection signatures
respectively. e :
method reduces toolumn classificationthe signature of a DS

2) Subset Intersection Signatures (S8 pickm subsets .
of 0...n — 1: the m bits of the signature of a DS setlS Just the value of the DS over the chosercolumns. Column

are determined by the intersection of the DS with tht("éllassmca;lton ;_S n?]t oryl;;_a_smple rr|1ethod for clustﬁrmgbb:ﬂ
corresponding subset. also an attractive heuristic in several cases as we show below.

For the universe of inputs, classified into clusters based on

_B‘?th t'he above methods can exploit any knowledge of ﬂé?lym columns, each cluster will have an equal number of
distribution of the expected DSs. For example, if we EXpeBTSs,Q"/M (recall M = 2™). The question arises if we can
the DSs to have very few locations, then with the subsgf any better than this:

intersection method, each of the subsets can be chosen Theorem 7.1:Consider an MCS instance where all the

with exactly that many number of ones. Also, if we eXpe‘HossibleQ” DSs appear, the number of ASd is a power

the sets to have many ones, then we can choose more rangqs@, andlog M < n. Then the cost of any/-clustering is at
permutations and pick fewer bits from each each min-indePéasth(n/2 _ 1O_g M)

for example;n subsets and only the most significant bit from
each of the min-indices.

Proof: The proof is in the Appendix. ]
Theorem 7.1 says the cost savings when all the possible DSs
arise (with weight one) is no greater thahlog M. Whereas,
with the log M columns based classification the savings is

Periodically, we spawn an offline method to compute thfn(m/Q) (on average we save/2 ones per DS; so the total
LTDT for the current set of connections supported. Thgyst is 27=1(n — m)). The achieved savings is of the order
guestion arises as to to how to add new connections that a”ﬂ#@dicted by the upper bound of Theorem 7.1 (off by a factor
while the offline algorithm is still running. of 2).

We divide the LTDT into two: the offline and online For our experiments, we measure the performance of all

sections. Periodically, the currently active connections aggyorithms in terms of thaverage bandwidth wast@BW):
spawned off to run a more expensive algorithm offline. While

the offline algorithm runs, new connections are established in COsSyNn (1)
the online section and tear-downs are applied to the section ﬁtbe

connec_tion resides in. When the. offline algorithm compllet?ﬁe total wasted bandwidth, i.e., the total number of zeros
the _ofthe section of the .LTDT is programmed; th? OnIIn?nat got transformed to ones. Therefore ¢d&ts the average
section s programm_ed with qnly the new connections th\‘3?'7I<‘:1sted bandwidth per DS. So, cO8tn, is the average wasted
were established while the offline algorithm ran. bandwidth per DS as a fraction of i.e., the number of zeros
that got transformed to ones as a fractiomof
) _ ) ] _ ~ For the universe of inputs, on average there a&
tics perform well on a wide variety of inputs. We evaluate oufherefore, the ABW achieved by column-classification is
algorithms on three classes of inputs: (n —m)/2n.
o Whole universe of inputs, i.e., wheN = 2" Table | compares the ABW on the universe of inputs for
o Random inputs greedy row clustering, column classification, RPSs, &Cs.

D. Combining methods:

recognize the quantity in (1) as the ABW, recall cost is

VIl. EXPERIMENTAL RESULTS



For RPSs, we employ min-zero-indices and as many bits from ' ‘ ‘ I
each min-index till we haven bits of signature. For example, EAE
for the third row in Table | wheres = 20 andm = 10, we

pick all 5 ([logn]) bits each from the min-zero-indices of the
first and second permutations and no bits from the other eight .
min-zero-indices. Since the average fraction of zeros per DS
is 1/2, the ABW < 0.5. Greedy row-clustering ang-column
clusters perform better than column-classification; RPSs yield
the least improvement. ernd

g o @
g o

B. Random inputs with Bernoulli 11D destinations ° » o o C

We consider random DSs where each destination is turmagl 3. Plot of (2) on Y-axis versus Bernoulli probabilipy 100 on X-axis
on independently with probability € (0...1). We were able
to bound the cost achievable by any clustering:

Theorem 7.2:Given N DSs overn destinations with each [ prob || greedy] 2-CCs | RPS| SIS ||
destination chosen independently and with probabjitgnd 011 024i] 03251 0846 0441
M possible clusters. Then 0.3 || 0.427| 0.471| 0.688 | 0.563

« Any clustering can achieve no more savings over the one- 8:? 8;223 8:34713 8:‘3188 8:‘21(25;
cluster cost tha(1/p(N log M + Mnlogn)) and 0.9 || 0.061| 0.070| 0.100| 0.095
o There is a clustering which achieves a cost savings of TABLE ||

Th ?((1 *bp)(]\;long J_\li[th Mn))7 2 btained b icki th ABW OF GREEDY ROW CLUSTERINGCOL II), 2 COLUMN CLUSTERS
€ lower bound o eorem /.2 IS obtained Dy picking F('COLIII), RANDOM PERMUTATION SIGNATURES(COL V), AND SUBSET

better of classification byog M bits or placingM — 1 DSs
. . . . INTERSECTION SIGNATUREYCOL V) VS PROBABILITY (COL|) FORIID
in clusters by themselves and all other DSs in the remaining .

. . . . DISTRIBUTEDDSS: N = 100,000, n = 64, AND m = 12
cluster (1—p) is the fraction of zeros out of the locations in
a DS). The upper bound on the cost savings is more difficult
to see (proved in extended version of paper). Whern> M
(as might be in practice), th¥ log M term will dominate and _ _
for (say)p = 0.5 the lower and upper bounds will match. Also, The formula in (2) represents the ratio of the ABW to

notice for |owerp, as m|ght be expected the upper bound @e ABW obtained by column classification with columns.
higher. Recall, that the ABW is the number of zeros as a fraction of

that are turned into ones. For Bernoulli 11D inputs; p is the
0s : : — — fraction ofn that are zerosl —p — W is the fraction ofn
° e : 2 that are the zeros not turned into ones by column classification
with m columns.
The graph in Figure 3 shows plots of the quantity in (2)
versus the Bernoulli probability for various values of the
number of: DSs &), destinations sf), and clusters X/ =

07

06

05

04

CostinN

L 1 2™). It is noteworthy that the greedy algorithm out performs

wp T Do ] column-classification; when the average number of sets per

ol * it | cluster, N/M, is high, we can do no better than column-

oL ‘ ‘ ‘ g classification (as predicted by Theorem 7.2.

’ N “ semomo " B Finally, in Table Il, we compare the ABW obtained with
various methods. Greedy row-clustering performs best;

Fig. 2. Plot of ABW on Y-axis versus Bernoulli probability + 100 on .
X_%Xis P v column clusters performs next best. With SIS: we generate

each signature set with/p ones wherep is the probability
of one in the DS so that the probability of intersection with
Figure 2 shows a plot of the ABW obtained by running ps is roughly a constant. For RPSs, for lower probabilities,
greedy row clustering versus the Bernoulli probability. Notge pick more bits from each min-one-index and for higher
that ABW < (1 — p)—the fraction ofn. that are zeros. When propabilities, fewer bits from each min-one-index. RPSs yield

(1 —p) is high there is more at stake and the ABW is highegimost no savings; SISs perform slightly better.
When the number of sets per cluster is high (exg= 128,

m = 5), the curve is higher also. C. Preclustered inputs
cost We generate clustered inputsi4~ ASs with destinations
Nn ) turned on Bernoulli 11D with probabilityp, and N/M DSs

1—p— U=pm per AS with destinations in the AS picked in the DS IID



L fwfm [~V v [vi [Vl [Vil [IX ||} intersection signatures (random permutation signatures does
30 [ 30 || 0.206 | 0.395 | 0.232] 0.546 | 0.828 | 0.615 | 0.91
20| 701l 0ose !l 0171 | 0682 | 0eo1r | 0743 | 0ese | 079 not appear tq be comparable to any of the meth_ods of _[1]). Our
50 | 50 || 0.248 | 0.433| 0.248 | 0.604 | 0.711 | 0.655 | 0.75 best performing method—the two-greedy algorithm—is more
50 | 70 || 0.149 | 0.262 | 0.144 | 0.556 | 0.627 | 0.603 | 0.65 general than the UAS scheme—the best scheme of [1]—and
70 70 ]| 0210 | 0.329 | 0.207 | 0451 | 0493 | 0488 | 0.51 || performs better than the UAS scheme. Our column clustering
TABLE Il scheme is a good quality for time trade-off versus greedy row

ABW WASTED ON PRECLUSTERED INPUTS WITHN = 100, 000, n = 64,
& logy M = 6: CoL |: p1 % 100; CoL II: p2 = 100; CoL IIl: EXPECTED
VALUE FOR ABW; COL IV: GREEDY M -CLUSTERING; COL V: GREEDY
4M-CLUSTERING; CoL VI: 2 COLUMN-CLUSTERS CoL VII: RPS; CoL

VIII: SIS; CoL IX: ONE-CLUSTERABW (1 — py * p2)

with probability p.—and see how greedy row clustering
performs. The greedy algorithm in seeding thé clusters
with a DS each will missiM /e of the clusters (its akin to

clustering; and performs better than the constant time signature
methods.

An extended version of this paper can be obtained either by
emailing the authors or on the www [11].
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and hard to approximate as well. The key to clustering with
cost savings is columns of all zeros. We have presented a APPENDIX
range of methods to cluster DSs while minimizing the amount ¢ of Theorem 7.1: Let; be the number of zeros in

of supercast. The methods with lesser run time can suppgyt assigned set fath cluster andX; be the number of DSs
a greater multicast connection establishment rate. The m?ﬁSpped to theth cluster. ThenX: < 27—< The cost of

time consuming methods can be invoked offline to compugﬁa cing all the DSs in the same cluster(is/2)2". LetT" be
better _solutlons. Ou_r algorithms have been implemented % cost savings over the one-clustering by uslfigclusters.
are being deployed in our product. In the contex’g of the RPss_ ZMI . X, whereZMl X, = 2,
methoq, more egperlments are nece_ssary to refine the choic et ;;i_: X,;/2™ be the %r_action of destination sets in cluster
of min-index policy and number of bits to extract from eacgl Then
min-index to form the signature. M

The problem has been previously considered by Marsan et at 2zt xjc_: 1,
[1]. Our computational complexity characterization results are ® i <27% and
new and comprehensive. We have presented several effective ¢ = ~108 i _ _
and novel methods. All our methods perform a clustering addus I'/2" < >;_, —z;logz;. Since the function-zlogx
choose the cluster representative as the Boolean OR of fhé&oncavel’ is maximized when alk; are equal. Therefore,
DSs in the cluster. Subset intersection and random permutatloi /2" (=1/M)(—1log M), i.e.,T" < 2"(log M). Deducting
signatures are interesting constant time methods. The simf!@ costs savingk from the one-cluster cost yields the desired
structured code of [1] can be viewed as a special case of sud@@er bound on the cost of any/-clustering.



